Let C be an algebraically closed field, consider a transcendental element t over C, and let K = C(t). Douady [Dou] applies Riemann Existence theorem and a descent lemma of Grothendieck to prove that if char(C) = 0, then G(K) is the free profinite groupF m , of rank m = card(C). In the case char(C) = p > 0, results of Grothendieck imply that the maximal prime-to-p quotient of G(K) is isomorphic to the maximal prime to p quotient of the free profinite group ofF m . Since K is Hilbertian and G(K) is projective each finite embedding problem over K with an abelian kernel is solvable [FrJ, Thm. 24.50]. Hence, if in addition K is countable, and we denote the compositum of all solvable extensions of K by K solv , then G(K solv /K) is isomorphic to the free prosolvable group of rank ℵ 0 .
Introduction

The absolute Galois group of C(T )
1.1 Rank of a profinite group. A subset X of a profinite group G is said to converge to 1 if each open subgroup of X contains all but finitely many elements of X. We say that X generates G if G is the smallest closed subgroup of itself which contains X. A theorem of Douady [FrJ, Prop. 15.11] states that each profinite group G has a set of generators that converges to 1. The smallest cardinality of such a set is the rank of G. If rank(G) is infinite, then it is equal to the cardinality of the set of all open normal subgroups of G [FrJ, Suppl. 15.12] 
Free profinite groups.
A profinite group F is free if it has a subset X with the following two properties: (1a) X converges to 1; (1b) Every map α 0 of X into a profinite group G such that α 0 (X) converges to 1 uniquely extends to a homomorphism (by which we also mean continuous) α: F →
G.
The set X is a basis of F . Its cardinality is equal to rank(F ) [FrJ, Lemma 15.18 ].
For each cardinal number m there exists a unique (up to an isomorphism) free profinite group of rank m [FrJ, Prop. 15.17] . We denote it byF m . For example,F ω is the free profinite group on countably many generators.
Projective groups.
An embedding problem for a profinite group G is a pair (2) (ϕ: G → A, α: B → A) of epimorphisms of profinite groups. It is finite if B is finite. A solution (weak solution) to the embedding problem is an epimorphism (homomorphism) γ: G → B such that α • γ = ϕ. The group G is projective if each finite embedding problem is weakly solvable. In this case each embedding problem is weakly solvable (Gruenberg [FrJ, Lemma 20.8]) . It follows that a profinite group G is projective if and only if it is isomorphic to a closed subgroup of a free profinite group [FrJ, Cor. 20.14] . Another necessary and sufficient condition for G to be projective is that its cohomological dimension, cd(G), is at most 1.
1.4 ω-free groups. We say that G has the embedding property if each finite embedding problem (2) is solvable, provided B is a quotient of G. If in addition, each finite group is a quotient of G, we say that G is ω-free. Thus G is ω-free, if every finite embedding problem for G is solvable.
1.5
The groupF e . A profinite group F of rank ≤ e (e finite) is isomorphic toF e if and only if each finite group of rank at most e is a quotient of F [FrJ, Lemma 15.29 ].
1.6 Iwasawa's criterion. Iwasawa [FrJ, Cor. 24.2] characterizesF ω as a profinite group of rank ℵ 0 which is ω-free. Example 3.1 below shows that this characterization is false for groups of uncountable ranks.
1.7 Presentation of a free profinite group of arbitrary rank as an inverse limit of free profinite groups of finite rank. One way to construct a free profinite group of arbitrary rank is to start with a set X. For each finite subset S of X consider the free profinite groupF S with basis S. If S is another finite subset of X which contains S, then the map S →F S which sends each s ∈ S onto itself and each s ∈ S S onto 1 uniquely extends to an epimorphism α S S :F S →F S . The inverse limit of the groupsF S and the maps α S S is isomorphic to the free profinite groupF X with basis X. Moreover, for each S, the map α XS :F X →F S is an epimorphism whose kernel is the smallest closed normal subgroup ofF X which contains X S [Rib, Props.
7.4 and 7.5 of Chap. 1].
Using compactness, it is possible to relax the above rigid condition on the maps α S S . Suppose that G = lim ←− G S , where S ranges over all finite subsets of X. Assume that for each S the group G S is isomorphic toF S , and if S ⊇ S, then the associated homomorphism ρ S S : G S → G S is surjective. Consider also the compact space (G S ) S of all functions from S into G S . Let Φ S be a closed subset of (G S ) S . Suppose that each ϕ ∈ Φ S satisfies ϕ(s) | s ∈ S = G S . Suppose also that if S ⊇ S and ϕ ∈ Φ S , then ϕ = ρ S S • ϕ | S ∈ Φ S and ρ S S (ϕ S (s )) = 1 for each s ∈ S S. Then ϕ (resp., ϕ ) uniquely extends to an isomorphism ϕ:
It follows that Φ = lim ←− Φ S is nonempty and each ϕ ∈ Φ gives an isomorphism ofF X onto G. In particular, ϕ(X) is a basis of G and for each S we have ρ S • ϕ| S ∈ Φ S (see also the proof of [Rib, Chap. 1, Prop. 8.2] ).
1.8 Douady's theorem. Let C be an algebraically closed field of characteristic zero.
Douady [Dou] applies the criterion of 1.7 to prove that the absolute Galois group of
is free of rank equal to the cardinality of C. Consider first a finite subset S of C of r elements. Let K S be the maximal extension of K in which at most the points of
The inertia group of each s ∈ S in K S is a procyclic group (actually isomorphic toẐ), which is determined up to conjugacy. Let Φ S be the set of all functions ϕ: S → G S such that ϕ(s) generates an inertia group of s and ϕ(s) | s ∈ S = G S . It is a closed subset of (G S ) S and if S ⊇ S, then the restriction map res: G S → G S maps Φ S into Φ S as in 1.7.
Consider now an algebraically closed field C that contains C. Let K = C (t), K S , G S , and Φ S be the fields, the Galois group, and the set defined for C as K, K S , G S , Φ S are defined for C. Using transcendental descent methods or by the model completeness of the theory of algebraically closed fields, one proves that K S = C K S .
Hence, res:
This reduces the problem of determining the groups G S to the case C = C. In this case one uses algebraic topology and proves for C = C that Φ S is nonempty. Application of the Riemann existence theorem guarantees that each finite group of rank at most r is a quotient of G S [Mat. p. 21] . It follows from 1.5 that G S ∼ =F S . By 1.7, the absolute Galois group G(K) of K is isomorphic toF C . Moreover, there is an injective map ϕ: C → G(K) such that ϕ(C) is a basis for G(K) and for each finite subset S of C and for each s ∈ S the restriction of ϕ(s) to K S generates an inertia group of s in K S .
Alternative criterion for freeness
The application of algebraic topology and the Riemann existence theorem restrict Douady's proof to characteristic zero. In order to prove that G(C(t)) is free if C is an algebraically closed field of arbitrary characteristic one needs other criteria for freeness.
Lemma 2.1 (Chatzidakis): Let m be an infinite cardinal. A necessary and sufficient condition for a profinite group F to be isomorphic toF m is that each finite embedding problem for F with a nontrivial kernel has exactly m solutions.
Proof: Lemma 24.14 of [FrJ] says that the condition is necessary.
Conversely, suppose that each finite embedding problem for F with a nontrivial kernel has exactly m solutions. Hence, in order to prove that F ∼ =F m , it suffices to prove that rank(F ) = m [FrJ, 24.18] . Indeed, each embedding problem (F → 1, G → 1) with G finite and nontrivial has exactly m solutions. Hence, F has exactly m open normal subgroups. By [FrJ, Suppl. 15 .12], rank(F ) = m.
If a field C is not separably closed, then cd(G(C)) ≥ 1 [Rib, p. 208] , hence cd(G(C(t))) ≥ 2 [Rib, p. 272] . In other words, G(C(t)) is not projective and in particular G(C(t)) is not free. So, in order to prove freeness for G(C(t)) we have to assume that C is separably closed. In general we denote the separable closure of a field K by K s and its
). So, we may assume that C is algebraically closed.
Let again K = C(t). Lemma 2.1 states that in order to prove that G(K) is free of rank m = card(C) we have to prove that each finite embedding problem for G(K)
with a nontrivial kernel has exactly m solutions. Since K has at most m finite algebraic extensions, it suffices to solve each such embedding problem at least m times. Now, a finite embedding problem for G(K) can be represented as an epimorphism
where L/K is a finite Galois extension and B is a finite group. A solution to this problem is a Galois extension N of K which contains L and an isomorphism θ:
One way to insure that two solutions θ 1 and θ 2 with solution fields N 1 and N 2 are distinct is to construct them such that the sets of branch points of K in N 1 and N 2 do not coincide. Another way is to solve the embedding problem
(1) in a regular way. This means, to construct a Galois extension F of K(u) (with u transcendental over K) which is regular over L and an isomorphism θ:
Since K is a Hilbertian field, it is possible to specialize u to an element of K and to extend the specialization to a place of F intoK ∪ {∞} such that the residue field of F will solve the embedding problem (1). Due to the special nature of the Hilbert sets of K, we can do it in m distinct ways. This depends on the following result.
Lemma 2.2: Let K = C(t) be the field of rational functions of an arbitrary field C of cardinality m. Suppose that L is the compositum of less than m finite separable algebraic extensions of K. Then each separable Hilbert subset of L contains elements of K. In particular, L is separably Hilbertian.
Proof: Consider a separable Hilbert subset H of L . By [FrJ, Lemma 11.12] ,
where k is a smaller cardinal than m and L κ is a finite separable extension of K, which we may assume to contain the coefficients of f .
Each H L κ contains a separable Hilbert subset of K [FrJ, Cor. 11.7] . Hence, by [FrJ, Thm. 12.9] , there exists a nonempty Zariski open subset
Since k < m, the intersection of all U κ (K) is nonempty. Combined with the preceding paragraph, this concludes the proof of the lemma.
To be on the safe side, let us prove the claim about the intersection. To this end observe that the complement C κ of U κ is a union of finitely many curves and points.
As such, C κ contains only finitely many lines. As k < m, there exists a line Λ which is defined over K and is not contained in any of the sets
is a finite set for each κ < k. Since the cardinality of Λ(K) is m, this implies that
Conclude that Λ(K) contains points (indeed m points) that belong to each U κ .
Proposition 2.3: Let K = C(t) be the field of rational functions of an arbitrary field C and let m = card(C). If an embedding problem (1) has a regular solution, then it has m solutions, which are linearly disjoint over L.
In particular, if each finite embedding problem over K has a regular solution, then G(K) is free of rank m.
Proof: Let λ < m be an ordinal and suppose by infinite induction that for each κ < λ
we have already constructed a solution field L κ to (1) such that the fields L κ with κ < λ are linearly disjoint over L. Denote the compositum of all these L κ by L . Recall that m, as a cardinal number, is the smallest ordinal with cardinality at least m. Thus, the cardinality λ is less than m.
Write the regular solution field F of (1) as K(u, x) with x integral over K [u] . Then irr(x, K(u)) is an irreducible Galois polynomial f (u, X) and irr(x, L(u)) is an absolutely irreducible polynomial g(u, X). In particular g(u, X) is irreducible over L . Now use Lemma 2.2 to specialize u to an element a of K such that the Galois group of f (a, X) over K is isomorphic to that of f (u, X) over K(u) and g(a, X) is irreducible over L .
The splitting field of f (a, X) over K is a new solution of (1), which we may take as L λ .
It is linearly disjoint from L over L. This concludes the transfinite induction.
The second part of the Proposition follows from Lemma 2.1. 
15.27]. Hence, once one proves that G(C(t)) is free of rank m, then so is G(L) for each finite extension L of C(t).
Problem 2.6: Let C be an algebraically closed field and let K = C(t). Does every finite embedding problem over K have a regular solution?
Nonfree ω-free groups
The next example proves that Iwasawa's criterion forF ω is not valid for profinite groups of uncountable rank. Assume again that m is uncountable. To construct the desired group define f (S) = ℵ 0 if S is simple nonabelian and f (Z/pZ) = m for all p. By (1a),F m has a closed normal subgroup G such that r G = f . By (1d), each finite embedding problem for G is solvable.
By (1c), G is not free, as desired.
Recall that a field K is PAC if each absolutely irreducible variety defined over
Open problem 7 of [FrJ] asks whether every PAC Hilbertian field is ω-free. Fried and Völklein [FrV, Thm. A] solve the problem in characteristic 0. Pop [Po1, Thm. 1] does it in the general case.
We translate Example 3.1 into an example of fields which shows that in some sense, the result of Fried-Völklein and Pop is sharp.
Example 3.2: Every field K 0 has an extension K which is perfect, PAC, and separably Hilbertian but G(K) is not free.
Proof: Choose an uncountable cardinal m. Let G be the closed normal subgroup ofF m which Example 3.1 supplies. As G is projective, [FrJ, Cor. 20.16 ] supplies an extension K of K 0 which is perfect, PAC and G(K) ∼ = G. In particular, K is ω-free. By a theorem of Roquette [FrJ, Cor. 24.38] , K is separably Hilbertian. Finally, note that by the choice of G, the group G(K) is not free. Let B = B 1 × A 1 B 2 be the fibred product of B 1 and B 2 over A 1 [FrJ, Sect. 20.2] .
Denote the projection of B onto B i by ρ i , i = 1, 2. Then the embedding problem
dominates each of the given embedding problems.
Lemma 3.4: Every ω-free profinite group G is isomorphic to an inverse limit G ∼ = lim ←− i∈I G i where G i ∼ =F ω for each i ∈ I and card(I) = rank(G).
Proof: Let N be the collection of all closed normal subgroups N of G such that G/N ∼ =F ω . We construct a subfamily N ω of N of cardinality rank(G) such that each open normal subgroup K of G contains a group N which belongs to N ω . Hence, the intersection of all N ∈ N ω is 1. Moreover, for all N 1 , N 2 ∈ N ω there exists N ∈ N ω with N ≤ N 1 ∩ N 2 . So, the quotients G/N with N ∈ N ω build an inverse system and
The construction applies two claims.
closed normal subgroup K ω ∈ N which is contained in each K i . The proof of Claim A follows that of [Jar, Lemma 6.6] . By induction we construct a descending sequence 2, 3 , . . ., and for each i we order the finite embedding problems of the form
. ., such that for each n and for each i, j ≤ n, embedding problem (2) has a solution which factors through G/N n+1 . Indeed, suppose that N i , B ij , and π ij have already been constructed for i ≤ n and for each j. Choose by Remark 3.3 a finite embedding problem (G → G/N n , : π: B → G/N n ) which dominates (2) for each i, j ≤ n. Since G is ω-free, this problem has a solution γ. Then N n+1 = Ker(γ) ∩ K n+1 satisfies the requirements of the induction.
To prove that G/K ω is ω-free, consider a finite embedding problem (ϕ: G/K ω → A, π: B → A). Since the kernel of ϕ contains N i /K ω for some i, we may take the corresponding fibred product as in Remark 3.3 and assume that A = G/N i and that ϕ is the canonical map. Hence, in the above notation, B = B ij and π = π ij for some j. Let n = max{i, j}. By construction, there is a solution γ to that problem which factors through G/N n+1 and therefore also through G/K ω . Conclude that G/K ω is ω-free.
Claim B: Let K ω and L ω be closed normal subgroups of G such that rank(G/K ω ) and rank(G/L ω ) are at most ℵ 0 . Then G has a closed normal subgroup N ∈ N which is contained in both K ω and L ω . Indeed, there exists a descending sequence of open normals subgroup N i whose intersection is contained in both K ω and L ω . By Claim A, there exists a normal subgroup N ∈ N of G which is contained in each N i . It satisfies
Part C: Construction. Since G is ω-free, its rank is infinite. Hence, the cardinality of the collection of all open subgroups of G is rank(G) [FrJ, Supplement 15.12 Proof: We break the proof into several parts and start with a general (well known) statement:
Part A: Let P be a projective group and let F be an ω-free profinite group. Then the free product G = P * F is also ω-free.
Indeed, let (ϕ: G → A, α: B → A) be a finite embedding problem for G. Then there exists a homomorphism γ 1 : P → B such that α • γ 1 = ϕ| P . Also, there exists an epimorphism γ 2 : F → B such that α • γ 2 = ϕ| F . Combine γ 1 and γ 2 to an epimorphism γ: G → B. Then α • γ = ϕ and therefore γ is a solution of the embedding problem.
Conclude that G is ω-free.
Part B: The example. Let P be a free pro-p group of rank m and let F =F ω . Then G = P * F has the properties stated in the example Indeed, the proof of Lemma 3.4 works in the category of pro-p groups as it works in the category of all profinite groups. In particular we may present P as an inverse limit P = lim ←− P i of free pro-p groups of rank ℵ 0 . In particular, each P i is projective.
Hence, by Part A,
No open subgroup H of G is isomorphic to a closed normal subgroup of a free group.
Let H be an open subgroup of G. Consider the double class decompositions of G: G = · i∈I P x i H and G = · j∈J F y j H. By a theorem of Binz, Neukirch, and Wenzel [BNW, p. 105] H is a free product: H ∼ = * i∈I (P
E is a free profinite group of finite rank. In particular, in the notation of Example 3.1, r H (Z/pZ) = m and r H (Z/qZ) = ℵ 0 for each prime q = p. Conclude from (1d), that H is isomorphic to no closed normal subgroup of a free profinite group.
Part C: Remark. At the end of the Melnikov's example he asks about the existence of a nonfree inverse limit of free profinite groups of finite rank. This is however already included in the present example. Indeed, each G i is the inverse limit of free profinite groups of finite rank. Hence, so is G.
Combine Example 3.1 (or Example 3.5) with Lemma 3.4:
Corollary 3.6: There exists a nonfree inverse limit G = lim ←− i∈I G i of free profinite groups, such that card(I) = rank(G).
Remark 3.7: On a proof of Pop. Pop [Po2, end of Sect. 2] considers an algebraically closed field C, lets K = C(t) (in our notation), and proves that G(K) is free. To that end he writes C as a union of countable algebraically closed fields C i , lets K i = C i (t), and states that "G(K) is the inverse limit of G(K i ) in a canonical way". He then proves that G(K i ) ∼ =F ω and concludes that G(K) is free.
In light of Corollary 3.6, Pop's proof appear to be incomplete.
On a conjecture of Fried and Völklein
Recall that the absolute Galois group of a PAC field is projective. So, in an attempt to generalize their theorem "Hilbertian, PAC, and characteristic 0 imply ω-free", Fried and Völklein [FrV, p. 270] conjecture that the absolute Galois group of each countable Hilbertian field with a projective absolute Galois group is ω-free. Since the maximal cyclotomic extension Q cycl (= Q ab ) of Q is both Hilbertian (Kuyk [FrJ, Thm. 15.6] ) and with a projective absolute Galois group (a consequence of [Rib, Thm. 8 
